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ABSTRACT. We prove that the border rank of the Kronecker square of the little Coppersmith-
Winograd tensor Tc.,q is the square of its border rank for ¢ > 2 and that the border rank of its
Kronecker cube is the cube of its border rank for ¢ > 4. This answers questions raised implicitly in
[CW90, §11] and explicitly in [Bl413, Problem 9.8] and rules out the possibility of proving new upper
bounds on the exponent of matrix multiplication using the square or cube of a little Coppersmith-
Winograd tensor in this range.

In the positive direction, we enlarge the list of explicit tensors potentially useful for Strassen’s
laser method, introducing a skew-symmetric version of the Coppersmith-Winograd tensor, Tskewcw,q-
For ¢ = 2, the Kronecker square of this tensor coincides with the 3 x 3 determinant polynomial,
dets € C° ®@ C° ® C?, regarded as a tensor. We show that this tensor could potentially be used to
show that the exponent of matrix multiplication is two.

We determine new upper bounds for the (Waring) rank and the (Waring) border rank of dets,
exhibiting a strict submultiplicative behaviour for Tsxewew,2 Which is promising for the laser method.

We establish general results regarding border ranks of Kronecker powers of tensors, and make a
detailed study of Kronecker squares of tensors in C> @ C* @ C3.

1. INTRODUCTION

The exponent w of matrix multiplication is defined as
w = inf{7 | two n X n matrices may be multiplied using O(n") arithmetic operations}.

This is a fundamental constant governing the complexity of the basic operations in linear algebra.
It is conjectured that w = 2. There is a classical upper bound w < 3 following from the standard
row-by-column multiplication. Starting from 1969 [Str69], a great deal of effort has been spent on
the research on upper bounds on the exponent, involving methods from combinatorics, probability,
and statistical mechanics; we refer to Section 1.4 for a brief history. The more recent Cohn-Umans
approach [CUO03| uses group-theoretic techniques and in particular the Fourier-transform of finite
groups. In this work, we approach the problem via algebraic geometry and representation theory.
We obtain both negative and hopeful results.

Our focus will be on Strassen’s laser method [Str87]. This technique was used to achieve the
Strassen’s upper bound of 1988 and essentially all subsequent upper bounds. In order to present
the method and our contributions, we adopt the language of tensors.

1.1. Definitions. Let A, B, C be complex vector spaces. A tensor T'€ A ® B ® C has rank one if
T=a®b®c for some a € A, be B, ce C. The rank of T, denoted R(T), is the smallest r such
that T is sum of r rank-one tensors. The border rank of T, denoted R(T), is the smallest r such
that T is the limit of a sequence of rank r tensors.

2010 Mathematics Subject Classification. 68Q17; 14130, 15A69.
Key words and phrases. Matrix multiplication complexity, Tensor rank, Asymptotic rank, Laser method.
1



2 A. CONNER, F. GESMUNDO, J. M. LANDSBERG, E. VENTURA

A tensor T' € A® B®C defines a bilinear map A* x B* — (' and a trilinear map A* x B* x C* — C.
The matrix multiplication tensor M) m n is the tensor associated to the bilinear map

M(l,m,n) : Matixm X Matmxn — Matixn

sending a pair of matrices (X, Y") to their product XY. As a trilinear map, the matrix multiplication
tensor is My mny (X, Y, Z) = trace(XY Z), where X,Y,Z are matrices of size I x m, m x n and
n x 1, respectively. The matrix multiplication tensor has the following important self-reproducing
property: M(l,m,n) X M{l’,m’n’) = M(ll’,mm’,nn’)' Write M<n> = M(n,n,n)‘

The complexity of performing a bilinear map, and in particular the complexity of matrix multi-
plication, is controlled by the tensor rank of the corresponding tensor. Bini [Bin80] showed that
border rank controls the complexity as well:

w = inf{7 : R(My,) € O(n")}.

Let GL(A) be the general linear group of invertible linear maps A — A and similarly for B and
C. We say that two tensors are isomorphic if they are in the same orbit under the natural action
of GL(A) x GL(B) x GL(C) on A® B ® C. We will often assume that all tensors involved in the
discussion belong to the same space A ® B ® C. This is not restrictive, since we may re-embed the
spaces A, B, C' into larger spaces whenever it is needed.

Given T,T' € A® B ® C, we say that T degenerates to T' if T' € GL(A) x GL(B) x GL(C) - T,
the closure of the orbit of T, equivalently in the Euclidean or in the Zariski topology. Border rank
is semicontinuous under degeneration: R(7T") < R(T) if T' degenerates to T".

Border rank may be rephrased in terms of degeneration as follows. For a tensor 7', one has R(T) < r
if and only if T is a degeneration of M ?19; =Y i1 a;®b;®c;, where {a;} is a set of linearly independent
vectors and similarly for {b;} and {c;}. The border subrank of T', denoted Q(T'), is the maximum ¢

such that T degenerates to M?f;l.

For tensors T € AQ BRC and T' € A’ ® B’ ® C’, the Kronecker product of T and T is the tensor
TRT =TT € (A®A)®(BeB')®(C®(C’), regarded as 3-way tensor. Given T € AQ B® C,
the Kronecker powers of T are TN € A®N @ BN @ C®N | defined iteratively. Rank and border rank
are submultiplicative under Kronecker product: R(TXT') < R(T)R(T"), R(TXT") < R(T)R(T"),
and both inequalities may be strict.

Asymptotic versions of border rank and border subrank, respectively called asymptotic rank and
asymptotic subrank, are defined as follows:

R(T) = lim [R(T®V)]VY, Q(T) = lim [Q(T™N)/Y.

~ N—oo ~ N—oo

One has w = logy(R(My)); in particular w = 2 if and only if R(M,y) = n? for any (and as a

consequence all) n.

1.2. Strassen’s laser method and its barriers. The two fundamental ingredients of Strassen’s
laser method are submultiplicativity of border rank under Kronecker powers and semicontinuity of
border rank under degeneration. The laser method relies on an auxiliary tensor 17" with the property
that R(T) is small and, for some large N, T®N degenerates to a large matrix multiplication tensor.
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Since 1984, only three tensors have been employed in the method and the best upper bounds so far
come from the big Coppersmith- Winograd tensor [CW90]:

a
Toewyq 3:Za0®bj®cj+aj®b0®0j+aj®bj®co+
j=1

ap @ by @ g1 + ap @ bg41 @ co + ag41 @ by @ ¢ € (CQ+2)®3,

It was used to prove w < 2.38 in 1988 and all further improvement to the current best known upper
bound w < 2.373.

In 2014 [AFL15] gave an explanation for the limited progress since 1988, followed by further expla-
nations in [AW18a, AW18b, CVZ21, Alm19]. One major consequence of these results is that Tow,q
cannot be used to prove w < 2.3 using the standard laser method.

A geometric identification of the barrier of [AFL15] was given in [CVZ21]. Strassen showed
Q(Mpyy) > [3n?] (in [KMZ20, Theorem 3] equality was proved). This, together with the self-
reproducing property of the matrix multiplication tensor, implies Q(My)) = n?, which is the

maximum possible value. A consequence is that no tensor having non-maximal asymptotic sub-
rank can be used to prove w = 2 via the laser method; in [Str91] it was shown that Q(Tcw,) is

non-maximal.

The second most effective tensor used for upper bounds via Strassen’s laser method is the small
Coppersmith- Winograd tensor:

q
(1) Tcw,q = ZGO X bj X Cj + CL]' X bo ® Cj + CLj X bj X Co c (Cq+1)®3.
7j=1

In [CW90], the laser method was used to (implicitly) prove the following result:
Theorem 1.1 (Coppersmith-Winograd [CW90]). For all k and q,

) w < log, (- (R(TE)F).

One has R(T¢w,q) = g+ 2, which is one more than minimal (see, e.g., [BCS97, Sec. 15.8]). Applying
Theorem 1.1 to Ty g with & = 1 one obtains w < 2.41 [CW90]. Theorem 1.1 implies that if
the border rank of the Kronecker square or some higher Kronecker power of 7., , were strictly
submultiplicative, one could get a better bound, and one could even potentially prove w = 2 using
Kronecker powers of T¢ 2. Indeed, [BCS97, Ex. 15.24] observes that Theorem 1.1 holds replacing

R(TXE )% with R(Ttw,q). In particular, were R(7¢y,2) = 3, then Theorem 1.1 would imply w = 2.

cw,q
This shows that the barriers of [AFL15, AW18a, AW18b, CVZ21] do not apply to T,,,2. Previous
to our work, the possibility to prove the upper bound w < 2.3 using the second and third Kronecker
power of Ti,, 4 for 3 < ¢ < 10 was open, in the sense that the if the state of art lower bound on
TEU’fq were equal to an upper bound, then Theorem 1.1 would have given an improvement. We will
see that this is not the case.

1.3. Main results. M. Blaser [Bldl3, Problem 9.8] posed the problem of determining the border
rank of T%2 . We show:

cw,q*

Theorem 1.2.
For all ¢ > 2, R(T™2 ) = (¢ + 2)?; moreover 15 < R(T%2,) < 16.

cw,q cw,2



4 A. CONNER, F. GESMUNDO, J. M. LANDSBERG, E. VENTURA

For all ¢ > 4, R(T%)) = (¢ +2)% if ¢ = 3,4 then R(T5%,) > (¢+2)%(q +1); if ¢ = 2, then
R(T%3,) > 15 - 3.

cw,2

Forallqg >4 and all N, R(TZN) > (¢+1)V=3(q+2)3; if ¢ = 3,4 then R(TEN ) > (q+2)2-(¢+1)N~2;

cw,q cw,q

if ¢ = 2 then R(T23,) > 15.3V-2,

cw,2

This improves on the previous lower bound from [BL16], which was R(7, EK\Q) > (g+ 1N +2VN -1
for all ¢, N.

This result shows that the second and third Kronecker powers of T, , cannot give any improvement
on the current upper bounds on the exponent. For instance, the lower bound of [BL16] for (¢, N) =
(3,3) is R(T™3,) > 71; if this was the value of R(T%2,) then Theorem 1.1 would give w < 2.15;

cw,3 cw,3
however, the lower bound of Theorem 1.2 guarantees R(7%25) > 100, and even if this was the value

cw,3
of R(T%3,), Theorem 1.2 only gives w < 2.46.

cw,3

In light of the above-mentioned barriers and Theorem 1.2, one might try to determine better ten-
sors which are not subject to the barriers (similarly to T¢, ) and at the same time have strict
submultiplicativity of border rank under Kronecker powers.

Inspired by [CGLV19], we introduce a new family of tensors, which are a skew-symmetric version
of the small Coppersmith-Winograd tensors for every even g¢:

q

q 2
(3) Tsk;ewcw,q = Z ag X bj X Cj -+ a; & bo X Cj + Z(ag & b£+% — a£+% X bg) X co € (Cq+1)®3.
j=1 £=1
Proposition 2.2 shows Theorem 1.1 holds with T¢,, 4 is replaced by Tsgewcw,q, S0 in particular Typewew,2
could potentially be used to prove w = 2.

Proposition 3.1 contains more negative news: R(Tskewew,q) > ¢+3, and in particular R(Tskewew,2) =

5. However, we show a strong submultiplicative behaviour for Tsiewew,q, nDamely E(Tgﬁw w2) <

17 < 52. Theorem 1.3 below actually proves a stronger statement. We show in Lemma 2.4 that
T?,?ew cw,q 18 isomorphic to the 3 x 3 determinant polynomial regarded as a tensor and we prove new
upper bounds for the symmetric rank (also known as Waring rank, see, e.g., [Lan12, §2.6.6]) and

symmetric border rank of the 3 x 3 determinant polynomial.

Theorem 1.3. Let detz € C°@C?®C? be the 3x 3 determinant polynomial regarded as a symmetric
tensor. Then

Rgs(dets) <18, and Rg(dets) < 17.
In [CHL19], it was shown that R(det3) = 17 and in particular the second inequality in Theorem
1.3 is an equality.
The proof of Theorem 1.2 is given in Section 3 and the proof of Theorem 1.3 is given in Section 4.

Some of the proofs of this work rely on computer calculations performed by the softwares Macaulay2
[GS] and Sage [Sag]. The scripts performing these calculations are collected in different appendices
in the Supplementary Material available at

www.fulges.github.io/code/CGLV/index.html

1.4. Brief history of upper bounds. There was steady progress in the research for upper bounds
on w from 1968 to 1988.
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In [Str69], Strassen gave an algorithm to perform 2 x 2 matrix multiplication using 7 scalar multipli-
cations (rather than the 8 multiplications of the standard algorithm). This gives the upper bound
w < 2.81. In [BLRS80], Bini et. al., using border rank, showed w < 2.78.

A major breakthrough due to Schénhage [Sch81], known as the asymptotic sum inequality, was
used to show w < 2.55 by exploiting the interplay between direct sums and the self-reproducing
property of the matrix multiplication tensor. In [Str87] Strassen introduced the laser method and
showed w < 2.48. A refined form of the laser method was used by Coppersmith and Winograd to
show w < 2.3755 [CW90].

There was no progress on upper bounds on the exponent until 2011 when, via a further refinement
of the method, a series of improvements by Stothers, Williams, Le Gall and Alman and Williams
and [Stol0, Will2, Le 14, AW21] lowered the upper bound to the current state of the art w < 2.373.

2. PRELIMINARY RESULTS

In this section, we provide some results which will be useful in the rest of the paper.

The following remark shows that submultiplicativity holds asymptotically for most tensors; this
appeared implicitly in [Str88, Lemma 3.5] and then explicitly in [CVZ21, Prop. 2.12].

Remark 2.1. Any T € C™ @ C™ ® C™ is a degeneration of My ;) € C™ @ C™ @ C™, so

T"3 is a degeneration of M2 m2 m2y = M1 mmy B Mg, 1m)y B M, 4n.1)- In particular R(T™3) <
R(M 2 m2 m2)) = m? and therefore R(T) < m**/3. Since w < 2.4, we have R(T) < m*S.

A

2.1. Tskewew,q and the laser method. The first result is the analog of Theorem 1.1 for the family
Tskewcw,q:

Proposition 2.2. For all k,

4 3
(4) w < logq(ﬁ(E(Tgyzwcw,q)) k )

Proof. Similarly to the case of Tty 4, the proof follows immediately from [BCS97, Theorem 15.41],
because Tpewew,q has the same “block structure” as Tty 4. [l

In particular, similarly to Tiy g, if R(Tskewew,2) = 3 then w = 2 and it is potentially possible to

improve the current upper bounds on w using Tiskewew,q- Therefore, it is important to determine
upper bounds on the border rank of the Kronecker powers of Tsjecw,q» and in particular in the case
q=2.

2.2. Coppersmith-Winograd tensors, symmetries, determinants and permanents. Let
S3C™ and A3C™ respectively denote the subspaces of symmetric and skew-symmetric tensors in
C™ ® C™ @ C™. By identifying the three copies of C4! in (1) and (3), we observe that Tr, , is
isomorphic to a symmetric tensor and Tiewew,q iS isomorphic to a skew-symmetric tensor. Inded,
fixing a basis ag,...,aq of C9t!, the isomorphism aj < b; <+ ¢j provides

(5) Tewq = ao(a% + -+ ag) e S3cat,
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Similarly, if ¢ = 2u is even, the isomorphism

ag <> —b() <~ Cp

a; Hbj & —Cyu+j i=1..,u
Qu+j (—)bu+j Gy ij=1 .. u
provides
(6) Tskewew,g = 00 A (a1 A ayp1 + - +ay Nag) € A3Catt,

We introduce some definitions concerning the symmetries of a tensor. The group homomorphism
®: GL(A) x GL(B) x GL(C) — GL(A® B ® C) defining the natural action on A ® B ® C has a
two dimensional kernel ker ® = {(Ald 4, uldp, vId¢) : Auv = 1} ~ (C*)2.

In particular, the group (GL(A) x GL(B) x GL(C)) /(C*)*? is identified with a subgroup of GL(A®
B®C). Given T € A® B ® C, the symmetry group of a tensor T is the stabilizer of T' in
(GL(A) x GL(B) x GL(C)) /(C*)*2, that is

(7) Gr = {g € (GL(A) x GL(B) x GL(C)) /(C*)** | g-T =T},
If the three spaces A, B, C are identified, so that A ® B ® C' ~ A®3_ one can consider the action
restricted to GL(A) embedded diagonally as GL9(A) C GL(A)*3. In this case, the kernel of the

action reduces to the cyclic group Zs = {¢Id : (3 = 1} and one can consider a restricted version
of the symmetry group

5 :=GrNGLY9(A)={ge GL(A)/Z3 | g-T =T}.

Let Gy be the permutation group on k elements.
We record the following observation:

Proposition 2.3. Let T € AQ B&C (resp. T € A®3). Then
Gran 2 G;N X Gy (resp. G;}gN D GSTXN X Gn)

where the symmetric group acts by permuting the factors of the direct product.

Proof. Let T € A® B ® C. Every factor G in G;N X Gy acts on a single factor of 7%V and it
stabilizes it by definition of G7. The groups &y permutes the factors of 7%V which is a Kronecker
power and therefore it is stabilized.

The statement for 7' € A®3 is an immediate consequence. ]

Consider the action of the symmetric group &3 which permutes the tensor factors. A tensor is
symmetric if it is invariant under this action and skew-symmetric if it is skew-invariant. It is easy
to observe that Kronecker powers of symmetric tensors are symmetric tensors. Moreover, odd
Kronecker powers of skew-symmetric tensors are skew-symmetric and even Kronecker powers of
skew-symmetric tensors are symmetric.



KRONECKER POWERS OF TENSORS 7

We record the expressions of the 3 x 3 permanent and determinant polynomials as tensors in
C? ® C? ® C. Write (—1) for the sign of a permutation o. Then

1
det3 = 6 Z (=17 a5 (1)r(1) ® bo(2)r(2) @ Co(3)r(3),

o,7€63

1
permg = 6 Z Ao(1)r(1) @ ba(2)7(2) ® Co(3)r(3)-
o,7€63

Lemma 2.4. We have the following isomorphisms of tensors:

&2 Y
Tcw,2 = permg,

&2 ~Y
Tskewcw,Q = dets.

Proof. From (5), we have T2 = ao(a? + a2). Let @; = (a1 + v/—1az) and @z = (a1 — v/—1az), so

that ..,y 2 = apa1az. This shows that after a suitable change of basis Tt 2 = apaias. Its symmetry

group is G, = T5L x &3, where TS denotes the torus of diagonal matrices with determinant

one, and G3 acts permuting the three basis elements.

By Proposition 2.3, we deduce that TEUQ,Q is a symmetric tensor, with GSTg22 D (F]I‘gL X &3)*2 X Zs

(and in fact equality holds). This is the stabilizer of the permanent polynomial perms. Since the
permanent is characterized by its stabilizer (see, e.g., Lemma 2.5 below), we conclude.

E] —

The proof for Tyskew 2 is similar. From (6), we have Typewew,2 = agAai Aaz. Therefore G =

SLsz; indeed Tipewew,2 is the unique, up to scale, SLz-invariant in C3eC®C3.

By Proposition 2.3, we deduce that T;E,;iwcwg is a symmetric tensor, with G;m D (SL3)*% %7y

skewcw,2

(and in fact equality holds). This is the stabilizer of the determinant polynomial dets. Since the
determinant is characterized by its stabilizer, we conclude. O

The symmetric tensors det,, and perm,, are characterized by their stabilizers. For the determinant,
this fact is classical. For the permanent, the statement, but not the proof, appears in [MS08|. For
completeness, we provide a proof here assuming some familiarity with the representation theory of
SLy, and of the symmetric group &,,.

Lemma 2.5. Let T € S™(C™®C™) be a symmetric tensor of order m. If G5 2 (T x&,,)*% % Zo,
then T = perm,,, up to scale. If Gi O (SL)X2) x Za, then T = det,,, up to scale.

Proof. First consider the case of the determinant. Let SL,, x SL,, = SL(E) x SL(F') act on
S™(E ® F). This space decomposes as SL(E) x SL(F')-representation as (see, e.g., [Lan12, §6.7.6])

SUEQF) = P S<E® S F;
|7|=m
this is multiplicity free, with the only trivial module S(ym)E ® Sym)F' = A™E ® A™F. This is the
space spanned by det,,.

In the case of the permanent, note that the decomposition above holds for the action of (TF'x&,,)*?
as well. Then, the TSL(E) x TSLIF) invariant subspace is given by the sum of the weight zero spaces
(SzE)o ® (SxF)o. By [Gay76], one has the isomorphism (S;E)o ® (SzF)o = [7|r ® [7]F for the
weight zero spaces as & X Gp-modules. The only trivial representation is the one corresponding
to m = (d), which is the subspace spanned by perm,,. O
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Lemma 2.4 guarantees that perms and dets are tensors not subject to barriers for the laser method.
In particular, either R(dets) =9 or R(perms) = 9 would imply w = 2.

Remark 2.6. A similar result holds for higher Kronecker powers. For every k, the even power

Tgfe'fu w2 18 invariant under SL;QIC X Ggi. There is a unique invariant PasDety 3 for SL:?Q]’C in

S3((C3)®2k): it is the generator of the submodules (A3C?)®%* known as the Pascal determinant
(see, e.g., [Lanl2, §8.3]). If any of the Pascal determinants has minimal asymptotic rank, i.e.,
R(PasDety, 3) = 32% then w = 2.

Remark 2.7. One can regard the 3 x 3 determinant and permanent as trilinear maps C3 xC3xC3 —
C, where the three copies of C3 are the first, second and third column of a 3 x 3 matrix. From
this point of view, the trilinear map given by the determinant is Tsgewew,2 @s a tensor and the one
given by the permanent is Tt,, 2 as a tensor. This perspective, combined with the notion of product
rank (in the sense of [IT16]) provides the upper bounds Rg(perms) < 16 and R(dets) < 20. These
bounds already appeared in [Derl6, IT16] and are also a consequence of Lemma 2.4.

2.3. Generic tensors in C? @ C3 ® C3. It is a classical fact that a generic tensor in C? ® C3 ® C?
has border rank five [Str83].

Remark 2.8. Computer experiments indicate that for all T € C3 ® C3 ® C3, R(T*®?) < 22 < 25.

Evidence for the remark is obtained as follows. We considered tensors T' € C3 ® C? ® C? whose
coefficients in a fixed basis were taken independently and uniformly random in [—1,1]. We obtained
numerically that R(7T%?) < 22. An instance of this computation is available in Appendix A of the
Supplementary Material.

Problem 2.9. Prove the claim in Remark 2.8. Even better, give a geometric proof.

Remark 2.8 is not too surprising because C3 @ C? ® C? is secant defective, in the sense that by a
dimension count, one would expect the maximum border rank of a tensor to be 4, but the actual
maximum is 5. This means that for a generic tensor, there is a 8 parameter family of rank 5
decompositions, and it is not surprising that the naive 64-parameter family of decompositions of
the square might have decompositions of lower border rank on the boundary.

3. KOSZUL FLATTENINGS AND LOWER BOUNDS FOR KRONECKER POWERS

In this section we review Koszul flattenings and prove a result on propagation of Koszul flattening
lower bounds under Kronecker products. We will use Koszul flattenings to prove R(Tskewew,q) > ¢+3
in Proposition 3.1. Moreover, we prove Theorem 1.2: the proof will follow from Theorem 3.3,
Theorem 3.4 and Corollary 3.5.

Fix bases {a;}, {b;}, {ci} of the vector spaces A, B, C, respectively; fix an integer p. Given a tensor
T = Eijk Tk q; @ bj ®cr € A® B® C, the p-th Koszul flattening of T on the space A is the linear
map

TWP: APA® B* — AP A C
X8 ZijkTijkﬁ(bj)(ai A\ X) & .
Then [LO13, Proposition 4.1.1] states

(8) R(T) > (;ff((jA))
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This type of lower bound has a long history. More generally, one considers an embedding of the
space A ® B® C into a large space of matrices. Then if a rank-one tensor maps to a rank ¢ matrix,
a rank r tensor maps to a rank at most rq matrix, so the size rq + 1 minors give equations testing

for border rank r. In this case the size of the matrices is (;)b X (p Jrl)c and a rank-one tensor maps

to a matrix of rank (agl). Here a = dimA, b = dimB and ¢ = dimC.

In practice, one considers a subspace A”* C A* of dimension 2p + 1 and restricts T' (considered as a
trilinear form) to A”* x B* x C* to get an optimal bound, so the denominator (dlm(ﬁ)_l) is replaced

by (2;,”) in (8). Equivalently, one considers a linear map ¢ : A — A’ and the corresponding Koszul
flattening map gives a lower bound for R(¢(7')), which, by linearity, is a lower bound for R(7).

The case p = 1 is equivalent to Strassen’s equations [Str83]. There are numerous expositions
of Koszul flattenings and their generalizations, see, e.g., [Lanl2, §7.3], [BBCG19, §7.2], [DM18§],
[Lanl7, §2.4], or [EGOW18].

We use Koszul flattenings to give the following lower bound on R(Tskewcq,q):

Proposition 3.1. For every even q¢ > 2, R(Tskewew,q) > q + 3.
Proof. Write ¢ = 2u. Fix a space A’ = (e, e1,e3). Define ¢ : A — A’ by

¢la;) =e fori=1,... u,
dlas) =ey fors=u+1,...,q

As an element of AA C A® A® A, we have Tskewew,qg = @0 NY_i 1 @i A Gyyi as in (6).

We prove that for T = (¢®1dp®1de) (Tskewew,q) € A’ @ B®C, one obtains rank(T4}) = 2(q+2)+1.
This provides the lower bound R(T") > {%—‘ =q+3.

We record the images via Tﬁ,l of a basis of A’ ® B*. Fix the range of i = 1,...,u:
TA’ (e0 ® Bo) = (eo N e1) ® iy curi — (€0 Nea) ® Y25y ci,
W (e0 @ Bi) = (eo A e2) @ co,
T3 (60 ® Puti) = (eo A e1) ® co,
TA/ (e1® Bo) = (e1 ANea) ® Y0 Curis
W (e ® Bi) = (o Aer) @ cupi +e1 Aex @ co,
T4 (61 ® Buti) = €o A e1 ® ¢,
TA/ (e2® fo) = (e1 ANea) ® D i ¢,
M (e2 @ Bi) = eo A ez ® cui,
T (62 ® Buti) = (eg Nea) ® ¢ —e1 A ea ® ¢g.

Notice that the image of ;" | (e1 ® B;) — i1 (€2 ® Buti) — €0 @ Po is (up to scale) e1 A ea ® cp.
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From the contributions above, we deduce that the image of T4} contains the three subspaces
{eg Ner,eg A ea,er Aes) @ {co),
(1 A e2) ® (3il1¢ir Dl Cuti),
(eo Ner,eg ANea) ®(ct,...,cq).
These subspaces are in direct sum, therefore we conclude
rank(T44) > 34+ 2 +2¢ = 2q + 5.
O

3.1. Propagation of lower bounds under Kronecker products. In [CJZ18, CGJ19], it was
shown that generalized flattening lower bounds are multiplicative under the unflattened tensor
product. The same result does not hold for Kronecker products. However, we provide a partial
multiplicativity result for Koszul flattenings lower bounds.

A tensor T' € A® B® C, with dim B = dim C' is 14-generic if T(A*) C B® C contains a full rank
element.

Proposition 3.2. Let Th € A1 ® By ® C1 with dim B; = dim C; be a tensor. Let A’ be a quotient
of Ay with dim A’ = 2p + 1 and suppose T has a Koszul flattening lower bound for border rank
R(T) > r given by Tli\f,o. Let Ty € Ay ® By ® Ca, with dim By = dim Cy = by be 14,-generic. Then

o) R(TBT5) > {k(T)bw

()

€ 7Z, then E(Tl X Tg) > rbs.

rank (T /f\i)

)

In particular, if

Proof. Identify T; with its image in A’ ® By ® Cy. The lower bound for T is
rank(T1/} )—‘
2
()
Let o € A% be such that T'(a) € Ba ® C3 has full rank bg, which exists by 14,-genericity. Define

p: A ®Ay— A by ) =1dy ® a and set ¥ := 1 @ Idp, o0, 98,00, Then (V(T7 X Tg);\f/’) provides
the desired lower bound.

R(TY) > {

Indeed, the linear map (¥(71X73)}) coincides with 71}/KT}(a). Since matrix rank is multiplicative
under Kronecker product, we conclude. O

3.2. A lower bound for the Kronecker square of T;,, ,. In this section, we give a proof of the
first statement in Theorem 1.2.

The statement for ¢ = 2, can be checked explicitly. The lower bound E(TEU%Q) > 15 follows
from the p = 2 Koszul flattening lower bound and coincides with the current best known lower
bound for the border rank of the 3 x 3 permanent polynomial. The upper bound is immediate by
submultiplicativity.

Theorem 3.3. Let ¢ > 3. Then R(T22 ) = (¢ + 2)2.

cw,q

Proof. Recall the expression of T¢y 4 from (1). When ¢ = 3, the result is true by a direct calculation
using the p = 2 Koszul flattening with a sufficiently generic restriction A — C5.
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Assume ¢ > 3. Write a;; = a; ® a; € A%? and similarly for B®? and C®2. Let A’ = (eg, e1, e2) and
define the linear map ¢ : A®2 — A’ by

i) = ¢2(aip) =e1 fori=3,...,q
i) =0 for all other pairs (i, 7).

Write Ty := ¢o(Teez,) € A ® B¥2®@C®2. Consider the p = 1 Koszul flattening (7;)}7 : A'® B®?"
A2A" © O%2,
We are going to prove that rank((7})4}) = 2(¢ + 2)2. This provides the lower bound R(T%2.) >

cw,q

(q + 2)? and equality follows because the upper bound is immediate by submultiplicativity.

We proceed by induction on q. When ¢ = 4 one does a direct computation with the p = 1 Koszul
flattening, which is left to the reader, and which provides the base of the induction.

Write VV] = a0®bj®cj+aj®bo®cj+aj®bj®00. Then Tcw,q = Z?’:l Wj, so that ’I’®2 = Zij ‘/VZ&VV]

cw,q

If g > 4, write Tew g = Tewq—1+ Wy, 50 Tosey = Tory 1 + Tewq1 BWy 4+ Wy R Ty g1 + Wy KW,

cw,q cw,

Let Sy = ¢o((Towgo1 B Wy + Wy R Ty g1 + W, K W,)).

Write Uy = A/ ®(Bij : 4,7 =0,...,q—1) and Uy = A’ ®(By;, Biqg : 1 =0, ...,q) sothat U1 ®Uz = A’'®
B®%*_ Similarly, define Vi = A2A'® {¢;;:4,j =0,...,q—1) and Vo = A2A’ ® (cgi, cig : 1 =0,...,q),
so that V4 @ Vo = A2A’ ® C®2. Observe that (7,_1)\ is identically 0 on U, and its image is
contained in Vj. Moreover, the image of U; under (S;)/yf is contained in Vj. Representing the

Koszul flattening in blocks, we have

M 0 N N
AN 11 Al 11 12
(qul)A’ - |: 0 0 :| (Sq)A/ - |: 0 Noo :|

therefore rank((T,)’st) > rank(Mi1 + N11) + rank(Nag).

First, we prove that rank(Mj; + Ni3) > rank(My1) = 2(q + 1)2. This follows by a degeneration
argument.

Consider the degeneration given by the linear maps (g., he) € GL(B%®?) x GL(C®?) with

ge 1 big > €byg he :ciqg > ecig
qu‘ — qui Cqi > ECq; .
bij —bij ifi,j#q cij —ciy ifi,j#q

Let Tge = (geshe) - T;. We have Ty, = Ty—1 + S where S, = (ge, he) - Sy. In particular
lim._, S¢c = 0. Moreover, the degeneration preserves the spaces Uy, Ua, V1, V2, therefore the Koszul
flattening of T . has the same block structure as the one of T; with

w_ [ M) Niofe)
(5,05 = | M el ),

Since lim._,¢ Sy = 0, we have lim._,o N11(¢) — 0. The value of rank(Mj;1 + Ny1(¢)) is constant for
(generic) € # 0, and by semicontinuity we obtain

rank(Mi1) = rank(li_r)r(l)(Mn + N11(e)) < rank(Mi1 + Ni1).
&

By the induction hypothesis rank(Mj;) = 2(g + 1)2, threfore rank(Mi; + Ni1) > 2(q + 1)%.
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We show that rank(Na2) = 2(2¢ + 3). The following equalities are modulo Vj. Moreover, each
equality is modulo the tensors resulting from the previous ones. They are all straightforward
applications of the Koszul flattening map, which in these cases, can always be performed on some
copy of W; X W;.

(Sq)g}( ® Bgj) =e1Neg®cqj forj=3,...,q
(Sq)//\x}(e ® Bijq) =e1Neg®@cjq forj=3,...,q
(Sq);\l}(eo ® P3q) = e A e1 ® coq
(Sq)it (e0 ® Bys) = eo A e1 ® cqo
(Sg) At (€0 ® Bg1) = €o A e1 ® cqu
(Sq>,/4\1}( ® Big) = eg Ner. ® cig

Further passing modulo (eg A e1) ® C, we obtain

(Sg) A (€0 ® Bog) = €0 A €2 ® 2
(Sq) it (e0 ® Bgo) = €0 A ez @ ¢y
(Sq)//\l}( ® Pg2) = eg N ea ® coq
(Sq)it (€0 ® Pag) = eo A ea ® cqo
(Sq)/)‘}(e ® Pop) = e1 N ea ® coq
(Sq)g}(e ® Po2) =e1 Nex ® Cq0
(Sq)/f\l}(e ® Bg0) = e1 N\ e2 ® coq
(Sq)/f\l}( ® Bog) = €1 N ez @ cq2,
and modulo the above,
(Sg)iH(e2 ® Byj) = ea Aeo+e1) @cqj  for j=3,...,q
(Sp)4 (e2® Bjg) =ea A (eg+e1) ®cjq for j=3,...,q
(Sq)ir(e2 ® Bq1) = e2 A (eg +e1) @ cq
(S)M (€2 ® B1g) = e2 A (eg + e1) ® c1y

Finally passing modulo (e; A e2), we have

(Sq),/a\x}(@ ® Bg0) = e2 N eg ® cq1
(Sq)ﬁx}(@ ® Pog) = e2 N e ® cig.

All the tensors listed above are linearly independent. Adding all the contributions together, we
obtain

rank((S)47) = [2(¢—3) + 1] +4+8+2+[2(¢—3) + 1] +4 =2(2¢ + 3)
as desired, and since 2(q + 3)? = 2(q + 1)? + 2(2¢ + 3), this concludes the proof. O

We will provide a second proof of Theorem 3.3, which will generalize to the proof of Theorem 3.4.
More precisely, we will give a representation-theoretic argument to compute the rank of the Koszul
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flattening map considered in the proof above. The same representation-theoretic technique will
apply for the third Kronecker power.

3.3. A short detour on computing ranks of equivariant maps. We briefly explain how to
exploit Schur’s Lemma (see, e.g., [FHI1, §1.2]) to compute the rank of an equivariant linear map.
This is a standard technique, used extensively e.g., in [LO15, GIP17] and will reduce the proof of
Theorems 3.3 and 3.4 to the computation of the ranks of specific linear maps in small dimension.

Let G be a reductive group. In the proof of Theorems 3.3 and 3.4, G will be the product of
symmetric groups. Let Ag be the set of irreducible representations of G. For A € Ag, let Wy
denote the corresponding irreducible module.

Suppose U,V are two representations of G. Write U = EB/\E/\G W;Bm*, V= ®A€AG Wf\%, where
my is the multiplicity of W) in U and ¢, is the multiplicity of W) in V. The direct summand
corresponding to A is called the isotypic component of type A.

Let f : U — V be a G-equivariant map. By Schur’s Lemma [FH91, §1.2], f decomposes as
f = &f\, where f) : Wfam* — Wfae* are G-equivariant. Consider multiplicity spaces M), Ly with
dim My = m) and dim L) = £, so that W)E\Bm* ~ M, ® W) as a G-module, where G acts trivially
on M) and similarly I/Vf\B O~ A @ Wi

By Schur’s Lemma, the map f\ : M)y ® W\ — Ly ® W) decomposes as f\ = ¢, @ Id}y, where
ox : My — Ly. Thus rank(f) can be expressed in terms of rank(¢,) and the dimension of the
multiplicity spaces W) for A € Ag:

rank(f) = > rank(¢y) - dim W).

The ranks rank(¢,) can be computed via restrictions of f. For every A, fix a nonzero vector
wy € Wy, so that M) ® (w,) is a subspace of U. Here and in what follows, for a subset X C V/,
(X)) denotes the span of X. Then the rank of the restriction of f to M) ® (w)) coincides with the
rank of ¢y.

The second proof of Theorem 3.3 and proof of Theorem 3.4 will follow the algorithm described above,
exploiting the symmetries of T¢, 4. Consider the action of the symmetry group &, on A® B® C
defined by permuting the basis elements with indices {1,...,¢}. More precisely, a permutation
o € &, induces the linear map defined by o(a;) = a,(; for i = 1,...,q and o(ag) = ag. The group
S, acts on B, C similarly, and the simultaneous action on the three factors defines an &4-action on
A® B ® C. The tensor Tgy 4 is invariant under this action.

3.4. Second Proof of Theorem 3.3. We use the method explained in Section 3.3 to give a
representation-theoretic proof of Theorem 3.3.

Proof of Theorem 3.3. As before, the case ¢ = 3 can be verified explicitly. For g > 4, we apply
the p = 1 Koszul flattening map to the same restriction of TEU%q as the first proof, although to be
consistent with the code on the website, we use the less appealing swap of the roles of as and a3 in
the projection ¢s.

The tensor T, 4 is invariant under the action of &, acting on the indices {1,...,¢} of the basis

elements of CI+1. Therefore TEUQ,(] is invariant under the action of &, x &, on A%? ® B®? @ C®.

Let I' := &4_3 x 6,3 where &,_3 is the permutation group on {4,...,q}; TEUQ’q is invariant under
the action of T'.

Moreover, the projection ¢9 is invariant under the action of I'.
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In general, the map A ® B ® C — Hom(B* ® APA,C ® APT!A) is equivariant for the action of
GL(A) x GL(B) x GL(C). Using this fact, and the invariancy with respect to I' described above,

we deduce (¢o(Thr,))r is P-equivariant.

We now apply the method described in §3.3 to compute rank((7;)4}).

Let [triv] denote the trivial &,_s-representation and let V' denote the standard representation, that
is the Specht module associated to the partition (¢ — 4,1) of ¢ — 3. We have dim[triv] = 1 and
dimV = ¢ — 4. When ¢ = 4 only the trivial representation appears.

The spaces B, C are isomorphic as &,_3-modules and they decompose as B = C' = [triv]®® @ V.
After fixing a 5-dimensional multiplicity space C° for the trivial isotypic component, we write
B* = (C =C°® [triv] ® V. To distinguish the two &,_s-actions, we write B*®? = ([triv]$® ® V1) ®
([triv]s® @ Vi) and similarly for C%2

Thus,
B*®? = ¢¥2 =C**? @ ([triv],, ® [triv]p)@®
C°® ([triv], ® Vg) @
C° ® (Vy @ [triv]g) @
(VL ® VR).
Write Wy, ..., Wy for the four irreducible representations in the decomposition above and let

My, ..., My be the four corresponding multiplicity spaces.

Recall from [Ful97] that a basis of V' is given by standard Young tableaux of shape (¢ — 4, 1) (with
entries in 4, ..., ¢ for consistency with the action of &,_3); let wsq be the vector corresponding to
the standard tableau having 4,6, ..., ¢ in the first row and 5 in the second row. We refer to [Ful97,
§7] for the straightening laws of the tableaux. Let wyy be a generator of the trivial representation
[triv]. Writing CI*1 = (e, ..., e,), we explicitly have wgq = e5 — e4 and the multiplicity space
5-dimensional multiplicity space of the trivial representation is (e, ..., es, > 4i€;).

For each of the four isotypic components in the decomposition above, we fix a vector w; € W; and
explicitly realize the subspaces M; ® (w;) of B*®? as follows:

W; w; dim M; M; @ (w;)

(Bij1,j=0,...,.3)®
i i (>29_, Bij1i=0,...,3)®
[trlv]L X [trw]R Wrriv & Wiriv 25 <Z§::ﬁijj‘ij:0,...,3>@

<Zg,j=4 BZ]>

5 (Bis—Pia:i=0,...,3)D

[triv], ® VR Wiriv @ Wstd 2, (Bis—Bia))

) ) (B5j—PBaj:3=0,...,3)®
VL & [ter]R Wstd & Weriv 5 <Z?=4(65J’_54j)>

Vi ® Vg Wetd @ Wetd 1 (Bs5 — Bas — Psa + Paa).

The subspaces in C®? are realized similarly.
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Since (7, 5)2’(]);\1} is I'-equivariant, by Schur’s Lemma, it has the isotypic decomposition (7, Ev%q)g} =

f1® fo® f3D f4, where
(10) fi i A @ (M@ Wy) — A2A' @ (M; @ W;).

As explained in §3.3, it suffices to compute the ranks of the four restrictions ®; : A’ ®@ M; @ (w;) —
A?A’ ® M; ® (w;) to the multiplicities spaces.

The four matrices representing @1, ..., ®4 are computed by a routine which exploits their structure.
The script to compute the matrices and their ranks is available in Appendix D of the Supplementary
Material. The method to compute the matrices is explained in Section 6.

The script provides an expression for the entries of the matrices ®; which are univariate polynomials
in ¢ up to a global univariate polynomial factor. The expressions are valid for ¢ > 5. The rank of
the Koszul flattening in the cases ¢ = 3 and ¢ = 4 is computed directly.

We determine a lower bound on rank(®;) by computing a matrix P;-®;-Q;, where P; is a rectangular
matrix whose entries are rational functions of ¢ (well defined for ¢ > 5) and @Q; is a rectangular
matrix whose entries are constant. The resulting matrix P; - ®; - (); is a square matrix, upper
triangular with +1 on the diagonal, so that the size of P;®;Q; gives a lower bound on rank(®;).

We summarize the results of the script in the following table.

W; dimW; dim M; rank(®;) contribution to total rank
[triv]y ® [triv]g 1 25 72 72
[triv], ® VR q—4 5 12 12(¢ — 4)
Vi ® [triv]g qg—4 5 12 12(q¢ — 4)
Vi ® Vg (¢—4?* 1 2 2(q —4)

Adding the total contributions, we obtain
rank(T4) =2 (¢ —4)2+12- (¢ —4)+12- (¢ —4) +72-1 =2(q + 2)°.

This concludes the proof of Theorem 3.3. O

3.5. A lower bound for the Kronecker cube of T, ,. In this section, we use the method
explained in Section 3.3 and illustrated in Section 3.4 to prove the second part of Theorem 1.2.

Theorem 3.4. Let ¢ > 5. Then R(TE3 ) = (¢ +2)3.

cw,q

Proof. We will give a lower bound on R(T%3 ) by computing its Koszul flattening for p = 2. Write

cw,q
aijk = a; ® a; ® ap € A®® and similarly for B®3 and C®3. Let {ayjx} C A*®3 be the dual basis to
{aijr} € A®3. Let A’ = (eq,...,es) be a 5-dimensional space and let {€", ..., e} be the dual basis

of {eo,...,es} and define ¢35 : A®3 — A’ to be the linear map whose transpose ¢ : A" — A*®3 is
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given by
3 (”) = agoo
o5 (e') = 30 (cvioo + o + o)
¢3T(€2) = (o1 + @o10 + Qp12 + 102 + Q110 + Q121 + Q200 + Q211
</>3T(€3) = Q22 + @30 + 31 + @100 + 103 — Q120 + Q210 + 212 + Q300
¢3T(64) = o2 + o4 + 11 + @014 + Q20 + Q023 + Q32 + Qo40 + Q100 + @122 + 220 + A303-

Let T, = ¢3(T23 ) € A’ ® B®3 ® C®3 and consider the Koszul flattening

cw,q

(Ty)a? « A2A' @ B*® — A3A' @ O3,

We will show rank((7},)?) = 6(q + 2)3, which implies R(T%3 ) > (q + 2)3.

cw,q

We employ the same method as in Section 3.4 in the case of T%2 . The Koszul flattening is

cw,q-
equivariant for the action of ' = & 534 where &,_4 acts on {5, ...,q}. In particular C4*! splits under
the action of &,_4 into a 6-dimensional subspace of invariants C°® [triv] = (eo, ..., e4, €5+ +e4)

and a copy of the standard representation V = (e; —e5: 9 =6,...,q), with dimV = ¢ — 5.

Hence, the spaces B®3 and C®? split into the direct sum of 8 isotypic components for the action of
I' as follows (we use indices 1,2, 3 to denote the trivial or the standard representation on the first,
second or third factor):
B*® ~ %3 =(C%)®? @ ([triv]; ® [triv]y ® [triv]3)&®
(C5®2 g [([triv]l ® [triv]e @ V3)@
([triv]; ® Vo @ [triv]3)®
(Vi @ [triv]e ® [mv]g)} @
(€% ® [([triv]l ® Vo ® V3)@

)
(Vi ® Vo ® [triv]s)®
)

E

(Vl & [triv]g ® V3
eV, Vs

Similarly to the square case, for each of the eight isotypic components, we consider w; € W; where W
is the corresponding irreducible and we compute the rank of the restriction ¥; : A2A’ @ M; ® (wi) —
A3A"® M; ® (w;) of the Koszul flattening.

The matrices representing the maps ¥; are computed exploiting the structure of the tensors involved,
following the method described in Section 6. The expression computed by the script is valid for
q > 6. The case ¢ = 5 is computed explicitly. Their ranks are computed by reducing ¥; to a
triangular matrix as in the previous case.
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The ranks of the restrictions are recorded in the following table:

W; dim W; dim M; rank(W;) total contribution
[triv]; @ [triv]e ® [triv]s 1 63 = 216 2058 2058

triv]; ® [triv]y @ V: -5 6% = 36 294
[triv]y @ [triv]y © V3 (¢ —5) 3.904(g  5)
(and permutations) (three times) (three times) (three times)

triv]; ® Va @ Vi —5)? 6 42

[triv]s 2 3 (¢ —5) 3.42(q — 5)?
(and permutations) (three times) (three times) (three times)

VioV,oVs (q—5)3 1 6 6(qg —5)3

Adding all the contributions together, we obtain
rank(T4?) =6(q — 5)3 +3-42(q — 5)% +3-294(q — 5) + 2058 - 1 = 6 - (¢ + 2)>.
This concludes the proof of Theorem 3.4. O

The third part of Theorem 1.2 is a consequence of Proposition 3.2 and Theorem 3.4 for the case
q > 5 and Proposition 3.2 and Theorem 3.3 in the case ¢ = 4. We record it explicitly in the following
Corollary

Corollary 3.5. For all¢ > 4 and all N, R(TZN) > (¢+1)V3(q+2)3, and R(TZV,) > 36 x 5V 2,

cw,q C’UJ,4

Proof. If ¢ > 4,let Ty = T*3 and Ty = TZN=3. Since T} is 1 4-generic, the lower bound R(T2N) >

cw,q cw,q cw,q/) =

(g +1)N=3(q + 2)3 follows by Proposition 3.2.

Ifg=4,let Ty = T2 and T = TZN=2, Again, since T} is 14-generic, the lower bound R(72V,) >

cw,q cw,q cw,4

(4 +2)% x 5772 = 36 x 5 =2 follows by Proposition 3.2. O

This concludes the proof of Theorem 1.2.

4. UPPER BOUNDS FOR WARING RANK AND BORDER WARING RANK OF detg

In this section, we give a proof of Theorem 1.3.

We briefly recall the definition of Waring rank and border Waring rank. A symmetric tensor
T € SiCc™ C C™®4 has Waring rank one if T = a®? for some a € C™. The Waring rank of T,
denoted Rg(T), is the smallest r such that 7" is sum of r tensors of Waring rank one. The border
Waring rank of T', denoted Rg(T), is the smallest = such that T" is limit of a sequence of tensors
of Waring rank r. If T is regarded as a homogeneous polynomial of degree d, then a € C™ can be
regarded as a linear form and a®? coincides with the d-th power of a: in this setting, the Waring
rank is the minimum number of summands in an expression of T as sum of powers of linear forms.
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4.1. Waring rank of dets. Theorem 1.3 will be a consequence of Theorem 4.1 and Theorem 4.2
below.

Theorem 4.1. The Waring rank of dets is at most 18: Rg(dets) < 18.

Proof. We give the rank 18 decomposition for dets explicitly, as a collection of 18 linear forms on
CY = C3 ® C? whose cubes add up to dets. The linear forms are given in coordinates recorded in
the matrices below: the 3 x 3 matrix ({;;) represents the linear form Zij Gijrij- This presentation
highlights some of the symmetries of the decomposition.

Let 9 = exp(27i/6) and let ¥ be its inverse. The tensor detz = Tg?ewcwz = det(z;;) € S?(C* ® C3)
satisfies

18
detg = Z L?
1

where Ly, ..., L1g are the 18 linear forms given by the following coordinates:
-9 0 0 —J 0 0 —J 0 0
Li=|0 -3 0 Ly=10 -3 0 Ly=1|0 39 0
0 0 9 0 ) 0 0 9
-1 0 0 9 0 0 9 0 0
Ly=(0 0 9| Ly=(0 0 1 Lg=[0 0 —v
0 —39 0 0 —39 0 0 —39 0
0 29 0 0 39 0 0 39 0
Ly=|-9 0 0 Ls=|-09 0 0 Lo=|-9 0 0
0 0 1 0 0 —J 0 0 1
0 —39 0 0 -39 0 0 % 0
Lo=(0 0 9 Lu=10 0 9| Lao=|0 0 -1
-1 0 0 -1 0 0 -10 0
0 0 1 0 0 1 0 0 1
Lis=|-1 0 0 Lyu=|9 0 0 Lis=|(9 0 0
0 -3 0 0 %9 0 0 3J 0
0 0 9 0 0 9 0 0
Lig=(0 -39 0 L= 0 -39 0| Lis=(0 —3J 0
1 0 0 -9 0 0 1 0 o0

The equality can be verified by hand. A Macaulay2 file performing the calculation is available in
Appendix B of the Supplementary Material.

g

4.2. Waring border rank of det3. The statement for the border rank is given by the following
result. As in the previous proof, the border rank upper bound is proved explicitly giving linear
forms, depending on a parameter t, whose cubes provide a border rank expression for dets. The
algebraic numbers involved are more complicated than in the previous case.

The result was achieved by numerical methods, which allowed us to sparsify the decomposition and
ultimately determine the value of the coefficients. A detailed explanation of the method is given in
Section 4.3.

Theorem 4.2. The border Waring rank of dets is at most 17: Rg(dets) < 17.
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Proof. The 17 linear forms providing a border rank decomposition of dets are described below.
Consider

Z1 0 0 z3 0 0 —Z36 Z7t 0
Ll(t) = 0 2ot O Lg(t) =1z 0 =zt Lg(t) = —2383 0 —z30t
-1 0 O zg 0 O 0 0 t
0 0 t 0 —Zlgt —Zzgt — 2929 th 0
L4(t) = —Z34 0 0 L5(t) = 0 0 0 Lﬁ(t) = —Z93 0 —Z24t
0 th —235t -1 0 0 —Z95 0 0
z10 z1it 0 z15 —t 0 0 219t 290t
L7(t) = | z12 0 213t Lg(t) =\|zig 0 27t Lg(t) = 0 22175 0
z14 0 0 z18 0 0
—2Z41 0 0 Z99 0 0 —2’31 zQGt 0
Llo(t) = 0 0 0 Lll(t) = Z93 0 Zo4t L12 2’27t O
—2Z44 0 0 Z95 0 0
298 229t 0 231 z32t 0
ng(t) = Z30 0 —t L14(t) = 0 0 0 L15 2’34
0 t 0 0 Zggt —t 0 235t
236 237t 0 241 zgot 0
Llﬁ(t) = | 238 0 239t L17(t) = Z43t 0
0 Z40t —t
The coefficients z1, ..., z44 are algebraic numbers described as follows. Let y. be a real root of the

polynomial
2T 9226 1 172% — 29224 + 8127 4 52222 — 72622" + 3451220 — 109012 + 25738218 —
5066327 + 72133216 — 72973215 + 104442 + 13886022 — 3086112'2 4 4273442
— 267416210 — 1960962° + 7627362° — 123673627 + 10923522° — 5376002° — 422402+
684032x> — 113664022 + 11468802 — 520192.

For i = 1,...,44, we consider algebraic numbers y; in the field extension Q[y.], described as a
polynomial of degree (at most) 26 in y, with rational coefficients. Notice that all the y;’s are real.
The expressions of the yp, ..., y4q in terms of y, are provided in the file yy_exps in Appendix C of
the Supplementary Material. Let z; be the unique real cubic root of y;.

We are going to prove that, with this choice of coefficients z;,

(11) t2dets + O(t) = ZL

The condition #2dets + O(t3) = Y217, L;(t)? is equivalent to the fact that the degree 0 and the
degree 1 components of Zgl L;(t)? vanish and that the degree 2 component equals dets. Given
the sparse structure of the L;(t), this reduces to a system of 54 cubic equations in the 44 unknowns
21, --+,244. Our goal is to show that the algebraic numbers described above are a solution of this
system.

We show that the z;’s satisfy each equation as follows. After evaluating the equations at the z;’s,
there are two possible cases

(1) all monomials appearing in the equation are elements of Q[y.]; we say that this is an equation
of type 1; there are 14 such equations;
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(2) at least one monomial appearing in the equation is not an element of Q[y.|; we say that this
is an equation of type 2; there are 40 such equations.

For equations of type 1, we provide expressions of each monomial in terms of y,. To verify that
each expression is indeed equal to the corresponding monomial, it suffices to compare the cube of
the given expression and the expression obtained by evaluating the monomial at the y;’s. Finally,
the equation can be verified in Q[y,]. This is performed by the file checkingTypeleqns.m2.

For equations of type 2, let u be one of the monomials which do not belong to Q[y.]. We claim
that it is possible to choose the monomial in such a way that Q[u®] = Q[y.]. For each equation, we
choose one of the monomials and we verify the claim as follows. The element u? has an expression
in terms of y, which equals the chosen monomial evaluated at the y;’s. Let M, be the 27 x 27
matrix with rational entries such that

(17u37 T 7u3.26) = (Ly*a s 7y>%6) Mu7

M, can be computed directly by considering the expressions of the powers of u? in terms of ..
Then Q[u®] = Q[y.] if and only if M, is full rank.

In particular v, has an expression in terms of u3, which can be computed inverting the matrix M,,.
A consequence of this is that Q[u] = Q[yx, u].

At this point, we observe that Q[u| contains the other monomials occurring in the equation as
well. To see this, we proceed as in the case of equations of type 1. For each monomial occurring
in the equation, we provide an expression in terms of u (in fact, to speed up the calculation,
we provide an expression in terms of u and y., which is equivalent to an expression in u because
Q[u?] = Q[y.] and . has a unique expression in terms of u?); we compare the cube of this expression
(appropriately reduced modulo the minimal polynomial of y, and the relation between u? and )
with the expression obtained by evaluating the monomial at the y;’s (expressed in terms of ). This
shows that all monomials occurring in the expression belong to Q[u], and verifies that the given
expressions are indeed equal to the corresponding monomials. Finally, the equation is verified in
Q[u] as in the case of type 1. This is performed by the file checkingType2eqns.m2. O

4.3. Discussion of how the decomposition was obtained. Many steps were accomplished
by finding solutions of polynomial equations by nonlinear optimization. In each case, this was
accomplished using a variant of Newton’s method applied to the mapping of variable values to
corresponding polynomial values. The result of this procedure in each case is limited precision
machine floating point numbers.

First, we attempted to solve the equations describing a Waring rank 17 decomposition of dets
with nonlinear optimization, namely, dets = Zgl(wg)@, where w; € C3*3. Instead of finding a
solution to working precision, we obtained a sequence of local refinements to an approximate solution
where the distance between dets and its approximation is slowly converging to zero, and some of
the parameter values are exploding to infinity. Numerically, these are Waring decompositions of
polynomials very close to dets.

Next, this approximate solution needed to be upgraded to a solution to equation (11).

We found a choice of parameters in the neighborhood of a solution, and then applied local opti-
mization to solve to working precision. We used the following method: Consider the linear mapping
M : C17T — S3(C33), M(e;) = (w})®3, and let M = UXV* be its singular value decomposition
(with respect to the standard inner products for the natural coordinate systems). We observed
that the singular values seemed to be naturally partitioned by order of magnitude. We estimated
this magnitude factor as tg ~ 1073, and wrote ¥’ as ¥ where we multiplied each singular value
by (t/to)*, with k chosen to agree with this observed partitioning, so that the constants remaining
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were reasonably sized. Finally, we let M’ = UX'V*, which has entries in C[[¢]]. Thus M’ is a
representation of the map M with a parameter ¢.

Next, for each i, we optimized to find a best fit to the equation (a; + tb; + t2¢;)®3 = M’(e;), which
is defined by polynomial equations in the entries of a;, b; and ¢;. The a;, b; and ¢; we constructed
in this way proved to be a good initial guess to optimize equation (11), and we immediately saw
quadratic convergence to a solution to machine precision. At this point, we greedily sparsified the
solution by speculatively zero-ing values and re-optimizing, rolling back one step in case of failure.
After sparsification, it turned out the ¢; were not needed. The resulting matrices are those given in
the proof.

To compute the minimal polynomials and other integer relationships between quantities, we used
Lenstra-Lenstra-Lovész integer lattice basis reduction [LLL82]. As an example, let ( € R be approx-
imately an algebraic number of degree k. Let N be a large number inversely proportional to the error
of ¢. Consider the integer lattice with basis {e; + | NC'|epy1} C ZF2, for 0 < i < k. Then elements
of this lattice are of the form vgeg + - - - + vpeg + Eepy1, where E =~ Np(C), p = vo + v12 + - - - 22",
Polynomials p for which ¢ is an approximate root are distinguished by the property of having rela-
tively small Euclidean norm in this lattice. Computing a small norm vector in an integer lattice is

accomplished by LLL reduction of a known basis.

For example, the fact that the number field of degree 27 obtained by adjoining any z3 to Q contains

all the rest was determined via LLL reduction, looking for expressions of 23 as a polynomial in zg

for some fixed 3. These expressions of 23 in a common number field can be checked to have the
correct minimal polynomial, and thus agree with our initial description of the z,. LLL reduction
was also used to find the expressions of values as polynomials in the primitive root of the various
number fields.

After refining the known value of the parameters to 10,000 bits of precision using Newton’s method,
LLL reduction was successful in identifying the minimal polynomials. The degrees were simply
guessed, and the results checked by evaluating the computed polynomials in the parameters to
higher precision.

Remark 4.3. With the minimal polynomial information, it is possible to check that equation (11)
is satisfied to any desired precision by the parameters.

5. TicHT TENSORS IN C3 @ C3 @ C3

Following an analysis started in [CGL*20], we consider Kronecker squares of tight tensors in C* ®
C? ® C3. We compute their symmetry groups and numerically provide bounds to their tensor rank
and border rank, highlighting the submultiplicativity properties.

We refer to [Str94, Bla13, BCS97, CGL™120] for an exposition of the role of tightness in Strassen’s
work and in the laser method. In Lemma 5.1 below, we explicitly show that Tt , and Tow, are
tight tensors. This fact was known and appears implicitly in [Bl&13, CVZ21] and other related
works: however we are not aware of a reference where the proof is given in its entirity.

5.1. Tight tensors. Recall the map ® : GL(A) x GL(B) x GL(C) - GL(A ® B ® C) from
Section 2.2 defining the action of GL(A) x GL(B) x GL(C) on A ® B ® C. Its differential d®
defines a map at the level of Lie algebras, mapping gl(A) @ gl(B) @ gl(C) to a subalgebra of
gl(A® B ® C). This subalgebrais isomorphic to (gl(A) ® gl(B) ® gl(C))/C? where C? ~ ker d® =
{(Aalda, ApAldp, A\cAld¢) : Aa + Ap + Ac = 0} is the Lie algebra of the 2-dimensional kernel of ®.
Write gr C gl(A) @ gl(B) @ gl(C) for the annihilator of 7" under this action.
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A tensor T € A® B® C is tight if g7/C? contains a regular semisimple element. Given a basis
{a;:i=1,...,dim A} of A and similarly for B and C, write Tj;;, for the coordinates of a tensor T
in the induced basis {a; ® b; ® ¢} of A® B ® C. The support of a tensor T'€ A® B® C is

supp(T) = {(4,4, k) : Ty # 0}.

Tightness can be defined combinatorially with respect to a basis, see, e.g., [CGLT20, Def. 1.3].
Explicitly, T is tight if and only if there exist bases of A, B,C' and injective functions s4 :
{1,...,dimA} - Z, sp : {1,...,dim B} — Z, s¢ : {1,...,dim C} — Z such that

sa(i) +sp(j) + sc(k) =0 for every (i,7, k) € supp(T).

The following result was “known to the experts” but since we do not have a reference for it, we
provide its proof.

Lemma 5.1. The tensors Ty g and Tow,q are tight.

Proof. Write ¢ = 2u or ¢ = 2u + 1 depending on the parity of q. Consider the change of basis

ap — ag
2 .
aj =~ (0 + ausy)  forj=1,....u
V-2 .
Qutj = 5= (aj = auyy)  forj=1,...,u

aq — aq (if g is odd)
Qq+1 = Gg+1

and similarly on B and C.

After this change of basis, regarding 7., , and Tcw,, as symmetric tensors in S3A, we have
Tew,2u = o <Z;‘L:1ajau+j> ;

u 2
Tew,2u = ao (ZFMJ‘%H) + agag+1,

or
Tew2u+1 = ao (Z}‘:lajauﬂ- + aé) :
Tew2ut+1 = ao (Z?Zlajauﬂ' + ai) + ajagi,
depending on the parity of q.

Define s = s4 = sgp = s¢ by

It is easy to verify that s(i)+s(j)+s(k) = 0if (4, j, k) € supp(Tew,q). Moreover, since supp(Tey q)
supp(Tcw,q), the same holds for (7, j, k) € supp(Ztw,q). This concludes the proof. O
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The combinatorial characterization of tightness makes it clear that this property only depends on
the support of a tensor in a given basis; we say that a support S is tight if every tensor having
support S is tight.

A tensor T'€ A® B® C is concise if the induced linear maps T4 : A* - B C,Tg: B* > AR C,
o : C* - A® B are injective. We say that a concise tensor 7' € C™ @ C™ ® C™ has minimal rank
(resp. minimal border rank) if R(T') = m (resp. R(T) = m).

Given concise tensors Ty € Ay ® By ® C1 and Ty € Ay ® By ® Oy, [CGLT20, Theorem 4.1] shows
that

(12) onwn, 2 9 @ Ida,epe0, +1da,eB 00, @ 0133

moreover if gy, = 0 and gy, = 0 then equality holds g7, xn, = 0.

The strict containment in (12) occurs, for instance, in the case of the matrix multiplication tensor.
In [CGLT20], we posed the problem of characterizing tensors T € A ® B ® C such that gr ®
Idagpec + Idagpgc @ gr is strictly contained in grwe C gl(A%?) + gl(B®?) + gl(C®?).

Proposition 5.3 provides several additional examples of tensors in C3? ® C* ® C? for which this
containment is strict.

5.2. Tight supports in C?®@C?*®C3. From [CGLT20, Proposition 2.14], one obtains an exhaustive
list of unextendable tight supports for tensors in C* ® C? ® C3, up to the action of Zo x &3, where
G3 acts permuting the factors and Zs acts by reversing the order of the basis elements. In fact,
tightness is invariant under the action of the full &3 acting by permutation on the basis vectors. This
additional simplification, pointed out by J. Hauenstein, provides the following list of 9 unextendable
tight supports up to the action of ((&3)*3) x &3.

71 =1{(1,1,3),(1,2,2),(2,1,2), (3,3, 1)};
=1{(1,1,3),(1,3,2),(2,3,1),(3,2,2)};

73, =1{(1,1,3),(1,2,2),(1,3,1),(2,1,2), (3,2, 1) };

71 =1{(1,1,3),(1,2,2), (2, 1,2), (2,3,1),(3,2,1)};
={(1,1,3),(1,2,2),(2,3,1),(3,1,2), (3,2, 1) };

7‘6 ={(, 1,3),(1,3,2),(2,2 2),(3,1,2),(3,3,1)};

Tr ={(1,1,3),(1,2,2), (1,3, 1),(2,1 2), (2,2, 1),(3,1,1)}

Ts ={(1,1,3),(1,3,2),(2,2,2),(2,3, ),(371,2)»( 1)

To ={(1,2,3),(1,3,2),(2,1,3), (2,2,2), (2,3, ),(3,1,2) (3,2,1)}

Supports Sy and S3 of [CGLT20] are equivalent to support S; = 7i; supports Sg and Sjo are
equivalent to support Sg = 7y.

The following result characterizes tight tensors in C3 ® C? ® C? up to isomorphism.
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Proposition 5.2. Let T € C? ® C* ® C3 be a tight tensor with unextendable tight support in some
basis. Then, up to permuting the three factors, T is isomorphic to exactly one of the following.

T :=a1 @b ®c3+a1 @by ®@ca+a2 @b ®ca+ a3 @ b3 ey

Ty :=a1 @by ®c3+a1 @b3®ca+az @b3®c1 +az @by @ co

Ts:=a1 @01 ®@c3+a1 @by ®@c2+a1®@b3®ec1 +az @b ®ez +az @by @y

Ty:=a1 b1 ®c3+a1@ba®@ca+a2@b1 ®ca +aa @bz @1 +a3 @by @y

T5 :=a1 ®b1 ®c3+ a1 Qby®ca+as@b3 ¢y +a3R®b; @ co+ a3 ®by ® ¢y

Ts :=a1 @ b1 ®c3+a1 Qb3 @2+ a2 Qb2 ®ca+a3 @b @ca +az3 @bz ® ey

T7 =01 @b ®c3+a1 Qb R@ca+a1 Qb3 ®c1 +a2®b1 ®ea+a2Rba®er +a3 @b @y
Ts =01 b1 ®c3+a1 Qb3 Rca+a2 @by ®ca+a2®@b3Rc1 +a3 @b ®ca+ a3 @by ® ¢y
T97M =41 by ®c3+ a1 ®b3®ca+asRb; ®c3+ a2 Rby Rco+as b3 ®c1 + a3 ®b ey

+p-az®@be@cy  for some p € C\ {0}

Proof. The result of [CGL'20, Proposition 2.14] and the discussion above shows that T is, up to
permutation of the factors, equivalent to a tensor with support 7; for some i = 1,...,9.

For i =1,...,8, it is straightforward to verify that all tensors with support 7; are isomorphic, via
the change of bases given by three diagonal matrices.

The case of Ty is slightly more involved but essentially the same argument shows that a tensor T’
with support 7Ty is isomorphic to Ty ,, for some p.

Finally, we have to show that any two of the tensors in the statement are not isomorphic. For tensors
having distinct supports, this is a consequence of Proposition 5.3 below: indeed, if T, T are two of
the tensors above, Proposition 5.3 shows that either dim g7 # dim g7+ or dim g2 # dim g,xe2.

As for the tensors with support Ty, we proceed as follows. Let T = Ty , and T" = Ty ,» with p # pi/.
We show that T is not isomorphic to 7”. Suppose by contradiction that there is a triple of 3 x 3
matrices g = (ga, 9B, 9c) € GL3x GL3 X GL3 with g(T') = T’. One sees that in each case, g4, g5, gc
have to be diagonal matrices, and an explicit calculation shows that there is no triple of diagonal
matrices such that g(T) =T". O

We point out that 7% is isomorphic to the Coppersmith-Winograd tensor Towy,1, as well as to the
structure tensor of the algebra C[z]/(z?).

The tensors Ty 2 and Tspewew,2 are degenerations of Ty, respectively for 4 =1 and p = —1. In
particular, they do not have an unextendable tight support in some basis.
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Proposition 5.3. Fori=1,...,9, the following table records dim g1, and dim gz
T dimgr dim g;xe
T 5 22
T 3 9
T 5 13
Ty 4 9
Ts 3 7
Ts 2 5
T 6 28
Tk 1 2
Ty 1 5 10
TgM (for p#0,-1) 1 2

In summary
dim gyme > 2dim g7

for tight tensors in C* ® C* @ C3 with unextendable tight supports Tr,. .., Tr.

Proof. For Ti,...,Ty and for the Ty _;, the proof follows by a direct calculation. The first part
of the Macaulay?2 file symmetryTightSupports.m2 in Appendix E of the Supplementary Material
computes the dimension of the symmetry algebras of interest in these cases.

The second part of the file deals with the case Ty, when p # —1. By tightness, dim g7, , > 1.

Consider the linear map wr, , : gl(A) + gl(B) + gl(C) - A® B ® C defined by (X,Y,Z)
(X,Y, Z).Ty,. Then gr, , = [ker(wr, ,)]/C?, where C? corresponds to ker d®.

The second part of the file symmetryTightSupports.m2 computes a matrix representation of wr, ,,
depending on a parameter u (t in the file). Let F}, be this 27 x 27 matrix representation. Then, it
suffices to select a 24 x 24 submatrix whose determinant is a nonzero univariate polynomial in p.
If p is a value for which dim g, , > 1, then p has to be a root of this univariate polynomial.

In the example computed in the file, we select a 24 x 24 submatrix whose determinant is (p+ 1)%,
showing that the only possible values of y for which dimgr, , > 1 are p =0 or 4 = —1. The case
1 = —1 was considered separately. The case u = 0 does not correspond to a unextendable support,
so it is not of interest. We point out that however, rank(wr, ,) = 24, namely dimgr, , = 1.

For T; 9%%, we follow essentially the same argument. By tightness, and (12), we obtain dim g7z > 2.
The third part of symmetryTightSupports.m2 computes a matrix representation of the map wrg2,

depending on a parameter u: this is a 729 x 243 matrix of rank at most 239.

In the example computed in the file, we select a 239 x 239 submatrix whose determinant is the
univariate polynomial p®(u + 1)12. As before, we conclude. O

We also provide the values of the border rank of the tensors in C? ® C3 ® C? having unextendable
tight support and numerical evidence for the values of border rank of their Kronecker square. They
are recorded in the following table. The values of the border rank for the T;’s are straightforward
to verify. The lower bounds for the Kronecker squares are obtained via Koszul flattenings. In the
cases labeled by N/A the upper bounds coincide with the multiplicative upper bound; in the other
cases, the upper bound is obtained via numerical methods, and the last column of the table records
the ¢9 distance (in the given basis) between the tensor obtained via the numerical approximation
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and the Kronecker square. The numerical approximations are recorded in the supplementary files
in Appendix F of the Supplementary Material.

T R(T) R(T™2) /5 error for upper bound in T%? decomposition
T 3 9 N/A

T 4 [11,14] 0.000155951
Ty 4 [11,14] 0.00517612
Ty 4 14 0.0144842
Ts 4 [11,15] 0.0237172
Ts 4 [11,15] 0.00951205
T7 3 9 N/A

Ty 4 [14,16] N/A

Ty 1 5 [16,19] 0.0231353
TgVM (for p #0,—1) 4 [15, 16] N/A

6. A METHOD TO COMPUTE FLATTENINGS OF STRUCTURED TENSORS

In this section, we explain how to compute the matrices ®1,..., P, in Section 3.4 and the matrices
Wy,..., Vg in Section 3.5.

The matrices ®4,...,P4 and Vq,..., Vg arise via a series of tensor contractions of highly structured
tensors. In this section, we introduce the notion of box parametrized sequence of tensors. Lemma 6.2
below shows that contraction of box parametrized tensors gives rise to box parametrized tensors; in
addition, the expression of the tensors resulting from the contraction is particularly easy to control.

We will then show that the tensors in Section 3.4 and Section 3.5 which give rise to the matrices
®q,...,P4 and Vq,...,Pg are box parametrized. This allows us to track down the entries of the
final matrices as functions of the dimension gq.

The full calculation of the matrices is left to the scripts available in Appendix D of the Supplementary
Material.

The point of view is partially inspired to the interpretation of tensors in communication models,
where a tensor on k factors is regarded as a function from N x --- x N — C with finite support
————

k
sending a k-tuple of integers to the corresponding coefficient of the tensor. Explicitly, for every
j =1,...,k fix a basis {Ui(j)} on the j-th factor: given a finite support ¥ C N*F the tensor
T = Z(il,...,ik)EE til,---,'ikv'gj) ®- - -®v2-(f) corresponds to the function defined by T'(i1,...,ix) = i, -

We do not explicitly write the dimensions of the factors.

Let 7 = {T; : ¢ € N} be a sequence of tensors of order k. We say that 7T is basic box-parametrized
if, for every ¢

T=pe) Y. oMe-oul
(91,..,0k)EXq

where p(q) is a univariate polynomial in ¢ and the support 3, is defined by conditions n;q + ¥; <
i; < Hjq+ ©; for n;,H; € {0,1} and ¥;,0; € Z>o, and any number (not depending on g) of
equalities i; = 75 among indices. Without loss of generality, assume that the inequalities are sharp
(4)
i
appear in T;. We often say that 7 is basic box-parametrized for ¢ > go for some qp, in the sense
that the sequence has the desired structure for ¢ > qq.

for every j, in the sense that for every 7; satisfying the j-th inequality, the basis element v;"” does
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Example 6.1. The sequence T, = U(()l) ® E;}:l UZ(Q) ® vgg) is basic box-parametrized for ¢ > 1, with
support Y, defined by the conditions

0<1 <0, 1<ia<gq, 1<ix<gq, 1iz=13.

We define a contraction operation between the ji-th and the jo-th factor of 7, obtained by summing
over the corresponding indices: in other words, the contraction is the image of T" via the trace map

> ul(-j Vg ugj 2) applied to the j;-th and jo-th factors, where {ugj )} is the dual basis to the fixed basis
{UZ(J)} on the j-th factor.

Lemma 6.2. Let T, T’ be basic boz-parametrized tensors for ¢ > qo and q > q respectively. Then
o T ®T' is basic boz-parametrized for ¢ > max{qo,q}};

e the contraction of T on factors ji and jo is basic boz-parametrized for ¢ > max{|¥; —
Vj,], 105, — ©4,],qo}; moreover, if the univariate coefficient p(q) of T is a polynomial of
degree e, then the coefficient of the tensor resulting from the contraction has degree at most
e+ 1.

Proof. The first statement is immediate.

For the second statement, without loss of generality assume j; = 1 and jo = 2. First observe that if
T is basic box-parametrized, then summing over the first index, or equivalently applying the linear
map uz(»l), generates a basic box-parametrized tensor; the coefficient of this tensor has the same
degree as the coefficient of 7 unless the first index ¢; is not related by equality to any other index,
and 11 = 0 and Hy = 1; in the latter case, the degree of the coefficient is increased by one.

Now, contraction of 7 on factors 1 and 2 is equivalent to first imposing the equality iy = iz on
the support ®, and then summing up on the first and second index. Imposing the equality i; = io
effects the inequalities of i1 and iy as follows:

max{n1q + 91, m2q + P2} < iy = ip < min{Hyq + Oy, Haq + O2}.

Each of the two bounds can be replaced by one the two linear functions (uniformly in ¢) whenever
q > {|91 — V2|, |©1 — O2|}. This, together with the previous observation, concludes the proof. [

Given two sequences of tensors TW, T3 of order k, we define their sum as 77 + T2 = {Tq(l) + Tq(2) :
g € N}. We say that a sequence T is box parametrized (for ¢ > qp) if T is a finite sum of basic
box-parametrized sequences of tensors(for ¢ > gg). Observe that a sequence of tensors with constant
dimensions is box parametrized if and only if its coefficients are univariate polynomials in q.

We will show that the maps ®1,...,®4 in the proof of Theorem 3.3 in Section 3.4 and the maps
Wy,..., Vg in the proof of Theorem 3.4 in Section 3.5 are box parametrized.

The scripts in Appendix D perform the contraction of box parametrized tensors according to Lemma
6.2, keeping track of the univariate polynomial coefficients and of the lower bound ¢¢ for which the
expressions are valid. The final result is that the maps ®1,...,®4 are box parametrized for ¢ > 5
and the maps ¥q,..., g are box parametrized for g > 6.

In the following, we show that the tensors involved in the various contractions are box parametrized.
Lemma 6.2 guarantees that the results of the contractions are box parametrized as well.

First, notice that Tt 4 is box parametrized for ¢ > 1, as it is the sum of three tensors as the ones
described in Example 6.1. By Lemma 6.2, we deduce that T92? (regarded as a tensor of order 6)

cw,q

and T, g?qu (regarded as a tensor of order 9) are box parametrized. In all three cases, the polynomials

defining the coefficients have degree 0.
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6.1. Restriction. We show that the two restriction maps ¢o : A%? — C3 and ¢3 : A®3 — C? are
box parametrized as tensors of order 3 and 4 respectively.

Write ¢ = X ® eg + X1 ® e1 + Xo ® e, where C3 = (e, e1,e2) and Xo, X1, X € A®2* Tt suffices
to show that Xy, X1, X9 are box parametrized, regarded as tensors of order two. Using a basis dual
to the basis of A®?, we have

Xo=ap®@a; +a1 @ap+ a1 @aq
X1=a0® > ta; + Yo ® ag
Xo=y®@as+ @ ag+ as@ay + a3 as.

This shows that X, X1, X9 are box parametrized.

Similarly, write ¢3 = Yo®eg+ - - -+ Yy ®@ ey, where C° = (eg, ..., eq4) and Yy, ..., Yy € A®3", Directly
from the definition in Section 3.5, it is immediate that Yy, ..., Yy are box parametrized and therefore
¢3 is box parametrized as well.

Applying Lemma 6.2, we deduce that the two sequences ¢o(T22,) and ¢3(TS3 ) are box parametrized.

cw,q cw,q

6.2. Koszul maps. The Koszul differentials on C3 and C® used in the definition of the Koszul
flattenings are the skew-symmetric projections C? @ C3 — A2C3 and A?C® ® C° — A3C®. They are
both fixed size, therefore they are box parametrized.

By Lemma 6.2, we deduce that the resulting Koszul flattenings (¢2 (722 )M and (¢3(T52,))"? are

cw,q cw,q
box parametrized, regarded as tensors of order 6 and 8 respectively.

6.3. Diagonalizing maps. Recall that the maps ®1,...,®,4 in the proof of Theorem 3.3 and the
maps ¥y, ..., ¥g in the proof of Theorem 3.4 are the restrictions of (¢2(T%2,))" and (¢3(T23 )2

cw,q cw,q
to the multiplicity spaces of the isotypic components for the action of &,_3 and &,_5.

We analyze the square case in detail. For the square case, let M be the matrix of change of basis

on CY from the basis {e1,...,e,} to the basis {e1,e2,e3,> 4 €;,e5 — €4,...,eq — €q—1}. Explicitly
1, ;
1 1 1
M = -1 1
- _1 1 -

In particular, M diagonalizes the action of &,_3 and therefore the change of basis defined by
Idgs XM™2 on C* ® B®? brings the matrix representing (¢2(Thz,))" ! into a block diagonal matrix,

whose diagonal blocks are matrices representing the maps f; : C3® (M; @ W;) — A2C3® (M; @ W;)
from (10); denote the diagonal blocks by fM,..., f{.

Because of our choice of basis, the multiplicity subspaces C* ® (w;) ® M; and A’C? @ (w;) ® M;
described in Section 3.4 are spanned by basis vectors, so that the matrices representing ®1,..., P4
are given by submatrices of flM, ceey fi‘”‘. More precisely, setting 7., Tstq to be the matrices of the
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two coordinate projections of C? onto (ey, ..., es) and (es), we have

= (Idp2cs B iy B Ting) © f{' o (Ides B Tiny B Tine) 7

Idp2cs X Ty B meq) 0 f3¥1 o ( )T

Tdp2cs B g B i) © f34 0 (Tdgs B mgpq K i)
)

IdA2C3 & Tstd |Z Tstd) © fi\/l @] (Id(cs & Tstd & Wstd)T

Tdes R miny X merq

)

By = (
By = (
By = (
By = (

Since the composition can be performed on the single factors, by Lemma 6.2 it suffices to show that

the four matrices M~ tornl ~M~lo w£d7 Tinw © M and mgq 0o M are box parametrized.

mu?

From the structure of M, it is clear that m;,, o M and mwggq o M are box parametrized. The
computation of M1 is straightforward, and it is easy to see that M~tox! =M=t oxl  are box

inv? std
parametrized.
This shows that ®4,...,P4 are box parametrized. The script available in Appendix D computes
the box parametrized representation of ®q,...,®, starting from the box parametrized version of

Tvy, the restriction map ¢, the Koszul differential and the four matrices M1 o 7riTm), M 1lo wz;d,
Tiny © M and mgq 0 M.

The cube case is similar. Now, restriction space C? is a C°, the top left block in the matrix M is a
5 x5 identity block, the result of the conjugation by M is block diagonal with 8 blocks, corresponding
to the eight isotypic components. The coordinate projections m,, and 7sy are onto (eq, ..., eg) and
(e7). The script computes the box parametrized representation of the matrices Wy, ..., Ug.
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